A modification of the standard Hong-Ou-Mandel interferometer is proposed that allows one to recover two independent parameters (delays) via the coincidence counts measured at the output of the setup. In the ideal case where such delays are sufficiently stable with respect to the mean wavelength of the pump source, properly symmetrized input bi-photon states allow one to pinpoint their values through the identification of a zero in the coincidence counts, a feature that cannot be simulated by semiclassical inputs. Besides, in the presence of fluctuating parameters the zero in the coincidences is washed away: still the bi-photon state permits to recover the values of parameters with a visibility which is higher than the one allowed by semiclassical sources. The detrimental role of loss and dispersion is also analyzed and an application in the context of quantum positioning is presented.
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I. INTRODUCTION
In a conventional Hong-Ou-Mandel (HOM) interferometer [1] [2] [3] photo-counting coincidences are detected at the output ports of a 50:50 beam splitter that coherently mixes two multi-frequency optical waves coming from two separate spatial modes. The sensitivity of the registered signal is directly related with the indistinguishability of the interacting light fields [4] [5] [6] [7] [8] [9] making it a useful tool in a variety of information and measurement processing. In particular, using as input two properly correlated multi-frequency photons [9] [10] [11] , the coincidences counts R exhibits a unique minimum R = 0 (Mandel dip) when the difference ∆ between the path length followed by the two waves is zero, with a width that is representative of the coherence time of the biphoton state. Exploiting this feature, the HOM interferometer can be turned into a sensor for phase drifts or displacements measurements [12] with possible applications in clock-synchronization [13, 14] and coordinates recovering [15] procedures. The aims of this work is twofold. Our fist goal is verifying the possibility of constructing a multi-parameter version of original HOM effect, i.e. a generalization of the HOM architecture where the absence of two-photons coincidences at the output of the interferometer identifies univocally more than one spatial coordinate. Considering that the coincidence counts R at the output of the HOM setup is expressed as a onedimensional convolution integral of the two-dimensional frequency spectrum of the bi-photon (BP) state, it is natural to expect that this goal could be realized at least for two independent parameters, even though no solutions have been proposed so far. Having clarified this aspect our second goal is to determine whether it is possible to exploit the previous effect for multi-parameter sensing * Corresponding Author: xidian lpx@163.com under realistic conditions where the setting is tampered by fluctuations and losses.
In the first part of the manuscript we present an explicit construction which in the absence of noise allows us to positively settle the first problem: it is obtained by concatenating the original HOM interferometer with a second 50:50 beam splitter and an achromatic waveplate [16, 17] to induce a frequency independent phase shift on the propagating signals, see Fig. 1b ). The setup is in part reminiscent of the proposal of Ref. [18] which, in an effort to allow for an unambiguous reconstruction the input state of the bi-photon (BP) source [10] by means of coincidence counts measurements, also discuss a modification of the HOM interferometer capable to accomodate two independent parameters introduced in the setup as independent delays: such scheme however requires different resources (i.e. two extra (zero-photon) ancillary modes, four beam splitters, and four detectors instead of an achromatic phase-shift, a single beam splitter, and two detectors) and was not conceived to allow for a direct link between the zero value of the coincidence counts and the possibility of recovering the values of the parameters.
The performances of our setup are analyzed by comparing the results one could obtain when employing a BP source with those associated with classical input states of the light (i.e. sources with positive Glauber-Sudarshan P -representation [19, 20] ). We show that as long as we restrict to input configurations that are symmetric under exchange of the input ports of the interferometer, our modified HOM setting allows one to establish a clear distinction between quantum and classical signals, only the former being capable to deliver an exact zero for the output coincidence counts associated with the contemporary absence of path mismatches in both the two spatial coordinates we are probing. Interestingly enough this ability in discriminating between classical and quantum light sources is not a property that holds for the original HOM setting, where symmetric coherent light pulses can be used to produce zero coincidences in the zero delay The sketch of our modified HOM configuration: here there are two independent delays (the delay τ1 associated with the paths A1, A2 and the delay τ2 associated with B1, B2), and an achromatic waveplate [16, 17] (pink circle in the figure), introducing a constant phase shift e iθ between B1, B2.
case.
The second part of manuscript is devoted to study the second question, i.e. whether one can use the aforementioned sensitivity of BP source in a generalized HOM scheme for multi-parameter sensing procedures in the presence of noise. First of all we focus on the scenario where the two delays we are probing with the modified HOM interferometer are affected by strong fluctuations (larger than the mean wavelength of the laser pump that is used to generate the BP state in the conventional optical experiments). Under this circumstance it turns out that the effect of the achromatic phase shift which was necessary to deliver the zero coincidence condition in the ideal case, is irrelevant, its effect being washed away by the instability of the system parameters. As a matter of fact, irrespectively from the presence of the achromatic phase shift, the possibility of observing an exact zero in the coincidence counts in our modified HOM scheme is lost. Nevertheless we show that two-photon input signals are still capable to provide an advantage in terms of visibility of the measured signals when compared with classical sources. The presence of loss and dispersion is also analyzed showing that as long as they do not impact on the symmetry of the scheme, they will not affect the advantage detailed above. Finally, following the original proposal by Bahder in Ref. [15] we also discuss how our scheme could be employed to realize a Quantum Positioning System (QPS) which employs the coincidence counts of a single biphoton source and two detectors to localize a collaborative target on a 2-dimensional manifold.
In more details the manuscript is organized as follows. We start in Section II reviewing the basic principles of the original HOM interferometer, discussing explicitly in which sense it can provide enhancements in sensing procedures by analyzing its performances under quantum and classical inputs. While not containing new contribu-tions, we make an effort to present already known results in a consisted and compact form which we think is important to better appreciate the rest of the manuscript. In any case, readers who are familiar with the original HOM setting can just give a quick look at the first part of this section (namely Sec. II A) where the notation is introduced skipping the remaining ones and moving directly to Section III where we present our modified scheme. Here we discuss its characteristic features and analyze its performances in the identification of two independent spatial coordinates. In Sec. IV we discuss how the performances of the scheme get deteriorated in the presence of noise: specifically parameter fluctuations (see Sec. IV A ) and losses (Sec. IV B). Starting from these observations in Sec. V we discuss how the modified HOM could be employed in a QPS scheme. The paper finally ends with conclusive remarks in Sec. VI. Technical derivations are presented in the Appendix.
II. HOM INTERFEROMETRY
In this section we review the main aspects of the HOM interferometry. As already anticipated in the introduction, readers who have familiarity with these notions can probably just give a brief look to Sec. II A where we introduce the notation, skip the rest, and move directly to Sec. III.
A. Notation and settings
In its simplest implementation the HOM interferometer is graphically described in Fig. 1 a) : two (possibly correlated) input optical signals propagating along two optical paths A 1 , A 2 characterized by a length dif-ference ∆ , impinge into a 50:50 beam-splitter BS and emerge from the output ports C 1 , C 2 where they are finally collected by the two photon-detectors D 1 and D 2 . Here coincidence photon-counts are recoded via intensity-intensity measurements. Following standard theory of photo-detection [21] the latter can be expressed as
with I(t 1 , t 2 ) the correlation function
where · · · in := Tr[· · ·ρ in ] indicates that we are taking the expectation value with respect to the density matrix ρ in which describes the light beams entering the ports
(2) represent instead the amplitude electromagnetic field at detector D j , written in the Heisenberg representation and formally expressed in terms of the bosonic annihilation operatorsĉ j (ω), describing a photon of frequency ω that emerges in the output path C j and fulfilling Canonical Commutation
, (δ j,j and δ(ω − ω ) representing respectively Kronecker and Dirac deltas). By direct integration Eq. (1) can hence be expressed in the compact form
where for j = 1, 2,N (c) j := dωĉ † j (ω)ĉ j (ω) is the number operator that counts the photons impinging on the j-th detector.
An explicit characterization of the device can be obtained by assigning the input-output mapping that links the bosonic annihilation operatorsĉ j (ω) with their input counterpartsâ j (ω), describing the photons of frequency ω that propagate along the path A j , also fulfilling independently Canonical Commutation Rules (CCR) and used to defineρ in . Introducing the delay time 2τ := ∆ /c experienced by two incoming beams, such mapping writeŝ
where the BS is balanced.
B. The dip with frequency correlated bi-photon (BP) state
Let us then consider the case where the density operatorρ in is represented by a frequency correlated bi-photon (BP) pure state (14), as a function of the delay time. It exhibits a HOM dip at τ = 0 with a width which is inversely proportional to the frequency-frequency correlations spread ∆Ω−. In addition, plot of the coincidence counts RCP(τ ) of Eq. (21) (orange curve) and of its coarse grained counterpart RCP (τ ) (23) (green curve), obtained from a CP state |α (a) with local spectral width ∆ω = ∆Ω−/2 (corresponding to set ∆Ω+ ∆Ω− in Eq. (15)). The mean frequency ω0 was set equal to 5∆Ω− for explanatory purposes: more realistic estimation would give an ω0 at least 3 order of magnitudes larger than ∆Ω− with more frequent oscillations for RCP(τ ). All the coincidences have been renormalized with respect to their asymptotic values at τ → ∞ while the delays are reported in unit of the inverse of ∆Ω−.
where |Ø is a multi-mode vacuum state and the complex function Ψ S (ω, ω ) is an amplitude probability distribution fulfilling the normalization condition,
In what follows we shall assume Ψ S (ω, ω ) to be symmetric under exchange of the variables ω and ω , i.e.
other choices being not capable to produce the desired results (see Appendix A 2 on this). To compute the associate value of (3) we find it convenient to express (5) in terms of the output-modes operators by inverting Eq. (4), i.e.
Accordingly we get
with |Ψ
(c)
A (τ ) and |Φ (c) − (τ ) being associated respectively with the events where these two photons emerge from opposite and identical output ports, i.e.
|Ψ (c)
the subscript "A" of Ψ (τ )
− (ω, ω ) referring to the minus sign in the superposition (10) . Using the fact that both |Ψ with eigenvalues 1 and 0 respectively, from (3) we get
where P S (ν) := dν Ψ S (ν +ν/2, ν −ν/2) 2 is the probability distribution associated with the frequency difference for two photons in the BP state. For the sources available in the lab, (13) exhibits the typical HOM dip, i.e. a unique minimum value at τ = 0 with a width that is inversely proportional to the spread of P S (ν). As a concrete example let us consider the paradigmatic case of a Gaussian two-mode spectrum function
which locally assigns to each photon an average frequency ω 0 and a spread ∆ω := ∆Ω 2
Under this assumption Eq. (13) can be explicitly computed yielding
with a minimum that exhibits a width proportional to 1/∆Ω − and a visibility (ratio between the depth of the dip and height of the plateau) of 100%, see the blue curve of Fig. 2 . This special feature turns out the key ingredient for turning the HOM interferometry as a tool for phase drifts or displacements measurements: indeed, writing the path length difference ∆ of A 1 , A 2 as the sum of two contributions ∆ = ∆ (0) + x, the first (i.e. ∆ (0) ) fixed and unknown, the second (i.e. x) controllable by the experimentalist (e.g. realized by inserting a crystal of variable thickness or refractive index), we can use (16) to recover the value of former by simply pinpointing the zero of the function f BP (x) := R BP (τ = ∆ (0) +x 2c ) with a resulting accuracy proportional to c/∆Ω − . Notice that Eq. (16) does not depend neither from the average frequency ω 0 of the local signals, nor from the parameter ∆Ω + which gauges the spread of sum of the photons frequencies. This last observation is particularly relevant as by varying the ratio between ∆Ω + and ∆Ω − , Eq. (14) allows us to analyze a large variety of two-photon input states |Ψ (a) S exhibiting different degrees of two-photon entanglement. For instance, in the limit ∆Ω + ∆Ω − , the distribution (14) approaches the frequency entangled two-photon state emerging from an ideal Spontaneous Parametric Down Conversion (SPDC) source pumped with a laser of mean frequency ω p = 2ω 0 , see e.g. [9] [10] [11] and references therein; for ∆Ω + = ∆Ω − /2 instead the functional dependence of |Ψ S (ω, ω )| 2 upon ω and ω factorizes, describing the case of two uncorrelated (unentangled) single-photon packets; finally for ∆Ω + ∆Ω − , |Ψ S (ω, ω )| 2 exhibits a strongly correlated behavior, this time mimicking the properties of an entangled DB state emitted by a difference-beam source [22] . According to Eq. (16) all these states exhibit the same τ dependence of the coincidence counts, making it clear that the peculiar features of the HOM dip cannot be linked to the presence of entanglement in the input state: at most, since the presence of asymmetries in the BP spectrum prohibits the formation of the dip (see Ref. [9] and Appendix A 2), one can claim that it is the symmetric character (indistinguishability) of the two-photon wave-packet Ψ S (ω, ω ) that does matter.
C. The dip with coherent pulses (CP) state
If the HOM dip is not a consequence of entanglement, in which sense it can be considered a genuine evidence of quantum interference? To answer this question one should compare Eq. (16) with the coincidence counts obtained when injecting into the interferometer two classical light signals one propagating along A 1 and the other along A 2 and exhibiting the analogous spectral properties of the two-photon input (5) . A simple but informative way to model this situation is obtained by replacing |Ψ (a) S with a symmetric multi-mode Coherent Pulses (CP) state |α (a) obeying the constraintŝ
with the complex function α(ω) being the associated photon amplitude distribution at frequency ω.Via Eq. (4) this implieŝ
Replacing this into Eq. (3) and making use of the CCR relations, a simple algebra allows us to write
where A := dω |α(ω)| 2 is the total photon intensity at each of the input ports, and where P α (ω) := |α(ω)| 2 /A is the probability distribution describing the frequency spectrum of the corresponding beam. For a fair comparison with Eq. (16), we assume P α (ω) to be normally distributed with the same average value ω 0 and spread ∆ω adopted for the local properties of the bi-photon state |Ψ
Notice that as in the case of Eq. (16), this expression still reaches zero if and only if τ = 0 (as shown in Appendix A 1 |α (a) is the only coherent pulse state which admits τ = 0 as zero coincidence point).
Yet due to the presence of ω 0 in (21) such minimum comes along with fast oscillations that introduce a series of extra local minima that will tend to reduce the effective visibility of the dip in realistic scenarios. This phenomenon is shown in Fig. 2 depicted by the orange curve. Indeed, assuming the delay time τ to be affected by fluctuations of intensity T larger than 1/ω 0 but smaller than 1/∆ω, the measured value of coincidence counts will being not longer provided by R(τ ) but instead by its coarse grained counterpart 
which we report in Fig. 2 with a green curve. This function no longer nullifies at τ = 0 but admits this value as a unique minimum with a width proportional to 1/∆ω which, due to (15) , typically is comparable with the width of (16), at least for ∆Ω + larger than or of the same order of 1/∆Ω − . The main difference however is the drastic reduction in visibility which pass from the 100% of the BP state to the 50% of the CP state. This main difference exactly proves that photons with BP state as the inputs is reasonable in the traditional HOM scheme. To summarise, the existence of a unique zero of the function R(τ ) is not only peculiar for the entangled photon state, which still occurs for the classical lights. Instead quantum advantages can be identified in the enhancement of visibility of such minimum, the carrier frequency of the local signals (2ω 0 ) induces an effective coarse graining of the measured signals in realistic scenarios.
III. MODIFIED HOM CONFIGURATION
In this section we present our modified HOM configuration showing how it can be used for identifying two independent delays with a unique zero of the output coincidence counts in the ideal case of stable conditions.
A. Settings
The scheme we consider is still based on recording coincidences in the photon-counts at the output of a twoports interferometer. Yet at variance with the original HOM setting it includes two 50:50 BSs and two independent delays elements associated with the parameters ∆ 1 and ∆ 2 which are located before the first and second BS respectively, see Fig. 1 b) . Most importantly, we also assume the presence of an achromatic plate [16, 17] operating between the two BSs. For j = 1, 2 we shall indicate with A j , B j , and C j the paths composing the interferometers and withâ j (ω),b j (ω), andĉ j (ω) the associated annihilation operators, each fulfilling CCR rules and being linked by proper scattering unitary transformations. In particular, the relation connectingâ j (ω) and b j (ω) is the same as the one we introduced for the HOM configuration, i.e.
where as in the previous section we introduce the variable
to represent the temporal shift associated with the path length difference ∆ j . Similarly forb j (ω) andĉ j (ω) we haveĉ
where we included the achromatic waveplate contribution [16, 17] which adds a constant phase θ to the photon propagating along the path B 2 irrespectively from its frequency. The resulting input-output relations are hence obtained by replacing (24) into (26), and upon some simple algebra they can be expressed in the following compact form
RBP(⌧1, ⌧1)/RBP(0, 1) to the case of θ = 0 (no achromatic phase shift), while the right panels from e) to h) to the case where the achromatic shift is equal to θ = π/2 (quarter-wave plate configuration). Panels a) and e): contour plots of RBP(τ1, τ2); Panels b) and f) plots of the function RBP(τ1, τ1); Panels c) and g) plots of RBP(τ1, 0); Panels d) and h) finally report RBP(0, τ2). In all the figures the delays times have been rescaled by the inverse of the width ∆Ω− of the bi-photon spectrum, and the rates have been rescaled by the plateau value RBP(0, ∞) = 1/2. The mean frequency ω0 was set equal to 5∆Ω− and ∆Ω+ = ∆Ω−/5. Notice that RBP(τ1, τ1) is strictly positive for θ = 0, while for θ = π/2 it reaches zero only for τ1 = τ2 = 0.
B. Interference performances
From (27) it follows that the BP input state (5) expressed in terms of the output operatorsĉ j (ω) of the modified HOM scheme becomes
where |Ψ (c) (τ 1 , τ 2 ) represents a component with one photon per each output ports and |Φ (c) (τ 1 , τ 2 ) the one where instead both photons emerge from the same port, either C 1 or C 2 . In particular |Ψ (c) (τ 1 , τ 2 ) is characterized by two components having, respectively, antisymmetric and symmetric two-photon amplitude spectra,
(an analogous decomposition for |Φ (c) (τ 1 , τ 2 ) is reported in Appendix B 1). From the above identities we can compute the coincidence counts at D 1 and D 2 , which once more is provided by the expression (3) . As in the standard HOM setting it is helpful to observe that the vectors
with eigenvalues 1 and 0 respectively. Accordingly we get
where in the second identity we used the fact that |Ψ 
Eq. (33) it is the formal counterpart of the twodimensional coincidence count quantities used in Ref. [18] for the spectral reconstruction of the BP state.
A close inspection reveals that for arbitrary values of the achromatic phase shift θ, (33) is strictly positive, see Fig. 3 . The only exception occurs when we set the achromatic phase shift into the quarter-wave plate configuration (θ = π/2), which gives
making the origin of coordinate axis the absolute minimum of the coincidence counts function. An intuitive explanation of this effect which enlighten the role of the achromatic phase shift element is presented in Appendix B 2 by studying the evolution of the BP state along the interferometer. The value θ = π/2 is an important condition for the modified HOM scenario: imposing it we can ensure that the differences of paths A 1 A 2 and B 1 B 2 of Fig. 1 b) can be simultaneously identified by the unique zero of R BP (τ 1 , τ 2 ), mimicking the behaviour observed for the original HOM scheme where the unique zero of the coincidence counts is associated with the difference of the paths A 1 and A 2 of Fig. 1 a) . For this purpose, analogously to the original HOM setting consider the case where the delays ∆ 1 and ∆ 2 entering the scheme of Fig. 1 b) , are composed by two (independent) unknown contributions ∆ j + x j . If all these parameters were sufficiently stable with fluctuations smaller than the carrier wavelength λ 0 = 2πc/ω 0 (an assumption which we shall question in the next section), then clearly one can use (33) with the achromatic shift θ = π/2 (quarterwaveplate configuration), to identify ∆ 
). The resulting accuracy is clearly associated with the width of the minimum which for ∆ to be instead of the order pump carrier wavelength λ 0 -see panels g) and h) of Fig. 3 .
The peculiar behaviour of R BP (τ 1 , τ 2 ) reported above is better appreciated when comparing it with the output coincidence counts obtained when feeding the modified HOM interferometer with the classical light input described by the CP state (17) . Under the usual Gaussian assumption on the frequency spectrum in this case Eq. (33) gets replaced by
which we plot in Fig. 4 (the parameters A, ω 0 , and ∆ω being the same as in Eq. (21)). One may notice that in this case, irrespectively from the selected value of the achromatic shift θ, R CP (τ 1 , τ 2 ) never reaches zero: in particular at the origin of the (τ 1 , τ 2 ) plane we have
for all θs. We can hence conclude that the presence of a zero coincidence point obtainable in our setup for θ = π/2, is a peculiar feature of the BP state which cannot be replicated by iso-spectral classical pulses. It is worth stressing that this effect was not present in the original HOM setting where the unicity of the zero in the coincidence count was not a peculiarity of the BP state, as it was also obtainable by employing the CP state as input, see Fig. 2 . More generally, the impossibility of getting a zero value for the coincidence counts associated with τ 1 = τ 2 = 0 can be shown to apply to any input state of lightρ CL-S which, irrespectively from its spectral properties, is classical in the sense of possessing a positive Glauber-Sudarshan P -representation [19, 20] , and which is symmetric under exchange of the input ports of the interferometer.ρ CL-S can be expressed as a convex mixture of the multi-mode coherent states |α (a) obeying the symmetric constraint of Eq. (17), i.e.ρ CL-S := d 2 µ(α)|α (a) α (a) |, with d 2 µ(α) being a positive measure on the space of the amplitudes α(ω). Accordingly we get 
which for τ 1 = τ 2 = 0 yields indeed
IV. INTERFERENCE PERFORMANCES UNDER PARAMETER FLUCTUATIONS AND LOSSES
This part of the manuscript is devoted to study whether one can use the sensitivity of BP source propagating into a generalized HOM scheme for multiparameter sensing applications in the presence of noise effects. We start with Sec. IV A considering the case where the time delays τ 1 and τ 2 are effected by uncontrollable fluctuations during the acquisition time of the coincidence counts. Later in Sec. IV B we shall also include the presence of losses and dispersions along the optical paths of the interferometer.
A. Parameter fluctuations
In Sec. III we have found a modification of the HOM interferometer which allows one to relate two independent spatial coordinates (namely ∆ 2 ) with the unique zero of the coincidence counts at the output of the setup. Yet we notice that at variance with Eq. (16) that defines the coincidence counts for the standard HOM setting, the minimum of R BP (τ 1 , τ 2 ) θ=π/2 is accompanied by a series of fast oscillations of wavelength λ 0 = 2πc/ω 0 , similar to those we observed in Eq. (21) for classical inputs in the conventional HOM configuration. For an optical source we have λ 0 300 nm which, in many practical applications, is typically too small to ensure that the sensitivity of the scheme will not be compromised by the fluctuations of the parameters we wish to estimate. Indeed as anticipated in Sec. II C, under these conditions the measured value of the coincidence counts will be no longer provided by R BP (τ 1 , τ 2 ) of Eq. (33) but by its coarse grained form. Accordingly, irrespectively from the selected value of θ, we get
for which not only the origin of the (τ 1 , τ 2 ) plane is not a zero, but also it is not even a local minimum, see Fig. 5 a) and b). Even worse than that under the same smoothing, the coincidence counts (35) of the CP input, while being deteriorating, acquires (τ 1 , τ 2 ) = (0, 0) as a global minimum, i.e.
see Fig. 5 c) and d) (the parameter A being the same as in Eq. (20)). Does this means that in passing from the original HOM scheme to our modified interferometer no advantage can be expected in using the BP state for sensing in realistic scenarios? As we shall see in the next paragraphs this is not really so: indeed due to the special functional dependence of R BP (τ 1 , τ 2 ), even in the presence of coarse graining, the BP input still provides a better visibility for two-parameter sensing than the one could achieve using a CP source. Before entering in the technical details of the analysis, it is worth stressing that since both (39) and (40) do not bare any dependence upon the specific value we choose for the parameter θ, for the discussion that follows the presence of the achromatic phase shifter is completely irrelevant. Accordingly in studying the sensitivity of the scheme in presence of parameter fluctuations we can drop such element, simplifying the design of the interferometer. In Fig. 6 we report the functional dependence of R BP (τ 1 , τ 2 ) and R CP (τ 1 , τ 2 ) upon τ 2 for assigned value of τ 1 , by rescaling both functions with respect to their τ 2 = ±∞ asymptotic values (i.e. R BP (τ 1 , ±∞) = 1/2 and R CP (τ 1 , ±∞) = A 2 ). Considering hence the case where τ 1 is sufficiently large (i.e. ∆Ω − τ 1 > 1 for the BP case and ∆ωτ 1 > 1 for the CP case) -if this condition is not met by the parameter ∆ (0) 1 simply allow the experimentalist to play with the value of the control term x 1 till the condition is enforced. In this regime R BP (τ 1 , τ 2 ) presents a maximum at τ 2 = 0 and two symmetric minima at τ 2 = ±τ 1 , while R CP (τ 1 , τ 2 ) is everywhere flat with only two symmetric minima at τ 2 = ±τ 1 . Both these features can clearly be used to recover the values of two unknown parameters ∆ 1 and ∆ 2 by keeping x 1 = 0 constant and swiping with respect to x 2 . For instance in the case of the CP state, this accounts in recording the values x for which the function
admits the two minima and then using trivial inversion formulas ∆ 
and one of the two minima (say x (right) min ), the inversion formulas being now ∆
As in the case of the original HOM setting while both CP and BP provide similar accuracies that scale as width of the dips, i.e. c/∆Ω − , the special features of R BP ensures a net improvement in the signal visibility due to the fact that both the maximum and the minima of f BP (x 2 ) are more pronounced with respect to the background signal, than the minima of f CP (x 2 ): specifically for the BP state we have V max 50% and V min 25%, while for the CP state we have V min 12.5% -in all the cases V is defined as the percentage of the ratio between the distance of the max (resp. min) from the background (plateau), and the height of the latter.
B. Losses effects on the interference performance
Up to now we considered the case where photons propagate into our modified HOM setup in the absence of losses. Nonetheless, as we shall see, the scheme is relatively robust even in the presence of losses, as long as the bi-photon state retains its symmetric character. The analysis which follows enlighten this fact by making use of the formalism of Appendix A 3 we develop to describe the photon losses in the standard HOM setting. Let us hence indicate with ξ j (ω) and χ j (ω) the absorption amplitudes associated with the path A j and B j of Fig. 1  b) , respectively. Similarly to what done in Eq. (A13) for the conventional HOM setting we shall focus on the white-noise regime, imposing the condition
As explicitly shown in Appendix C, under this assumption Eq. (39) gets replaced by where A loss BP is a multiplicative factor representing the reduction of intensity of the signal, while η B1B2 is a parameter that gauges the relative loss mismatch between the losses associated with the paths B 1 and B 2 , i.e.
Equation (44) shows that, as in the original HOM setting, the unbalance between the losses of input paths A 1 and A 2 does not deteriorate the signal R BP (τ 1 , τ 2 ). On the contrary as η B1B2 approaches 1, the function loose its dependence upon the parameter τ 2 as clearly shown in Fig. 7 . Also, at fixed τ 1 , the maximum and the minima of the function (44) now have a visibility that is reduced by a factor (1 − η B1B2 ) with respect to the noiseless case, see also Fig. 8 .
We compare these results with the coincidence counts R CP (τ 1 , τ 2 ) for the CP input states, under the same noise assumption of Eq. (43). In this case Eq. (40) gets replaced by
with D := (e −4∆ 2 ω(τ1−τ2) 2 + e −4∆ 2 ω(τ1+τ2) 2 )/8. Here A loss CP is the multiplicative factor representing the reduction of intensity
while η A1A2 and η B1B2 are defined as in Eqs. (A18) and (46) respectively (the details for this calculation can be found in the final part of Appendix C). We can see that in this case the coarse grained coincidence counts of the classical signals is effected by not only the unbalance between the losses of input paths B 1 and B 2 , but also the 
Rescaled Coincidences Rates one between A 1 and A 2 . In particular we notice that in the high unbalance regime for the losses affecting A 1 and A 2 (i.e. η A1A2 = 1), Eq. (47) reduces to
which bares no dependence upon τ 1 -in the same limit on the contrary (44) maintains explicitly functional dependence upon such delay. This difference between Eq.(44) and Eq.(47) shows that the choice for the biphoton state in our scheme allows a more loose noise condition compared with the classical state.
V. APPLICATION TO QPS
In this section we discuss a possible application of our setup in a generalization of the QPS scheme of Ref. [15] . Such proposal employed four different baseline setups associated with four independent HOM settings and four dedicated BP sources, to recover the space-time coordinate of a cooperative target A provided by a corner cube reflector that allows it bouncing back the impinging optical signals by reversing their propagations directions [23] . Basically in the scheme [15] each of the four coordinates is mapped into a delay of a single HOM and recovered via standard coincidence counts. In our approach of course the same result could be achieved, at least in principle, with only two BP sources, by employing two independent generalized versions of the HOM interferometer.
For the sake of simplicity, in what follows we discuss a simplified variant of the positioning task where the location of A is characterized by only two (unknown) independent coordinates. Specifically, as shown in Fig. 9 , we assume A to hover upon the plane where the detectors are located, on a sphere of known radius r. This sphere intersects with y-axis and x-axis at points R1, R2, R3 and R4, respectively. The corresponding distance between A and these points are L1, L2, L3 and L4. The spatial coordinates of A measured with respect to the cartesian axis indicate can be expressed as (r cos γ sin ϑ, r cos γ cos ϑ, r sin γ) with angles γ and ϑ. Simple trigonometric consideration allows us to express the distance L j between A and the points R j as L1 = r 2(1 + cos γ cos ϑ), L2 = r 2(1 − cos γ cos ϑ), L3 = r 2(1 − cos γ sin ϑ) and L4 = r 2(1 + cos γ sin ϑ), respectively. The box E at the origin of the coordinate system contains all the optical elements that compose the generalized HOM setting, specifically a bi-photon source, two 50:50 beam splitters, two single-photon detectors.
In the ideal case of no fluctuations the box should also contain the achromatic quarter waveplate: in what follows however we shall not consider this possibility assuming instead the more realistic coarse grained regime (22) which does not require the presence of the θ = π/2 phase shift.
In order to mimic the modified HOM architecture, the source emits the BP state along the baseline (R1, R2). After having reached the target A a first time, the photons are reflected back and interfere through a 50:50 beam splitter placed in E, emerge along the baseline (R3, R4), reach A a second time, return to E where finally, after being mixed by a second 50:50 beam splitter, coincidence counts are recorded. With this choice, as indicated in Fig. 9 , the paths A 1 , A 2 of the modified HOM scheme can be identified with the trajectories ER1AR1E and ER2AR2E respectively, while the paths B 1 , B 2 with ER3AR3E and ER4AR4E. As shown in Fig. 9 , we symmetrically put two controllable optical time delays S1 and −S1 on the baseline (R1, R2), the sign '−' expressing the fact that these two optical delays are adjusted into the opposite directions with the same displacement. Similarly, the time delays S2 and −S2 are installed on the baseline (R3, R4). Accordingly the zero-delay conditions is obtained when the identities L1 + S1 = L2 − S1 and L3 + S2 = L4 − S2 are satisfied, i.e. S1 = r √ 2 (1 + cos γ cos ϑ) − (1 − cos γ cos ϑ) ,
which, by inversion, allows one to connect the values of S 1 and S 2 used to identify the peak and dips of the func- tion (42) to the coordinates of the target A. Clearly in all the transferrings from E to A and from A to E part of the signal will be lost, essentially due to radial dispersion: as discussed about R BP (τ 1 , τ 2 ) in Sec. IV B this implies that the visibility of the recorded signal will suffers from the unbalanced between the losses experienced by the photons in their propagation along the baseline (R3, R4) (possible asymmetries affecting the baseline (R1, R2) instead will be uninfluential).
VI. CONCLUSIONS
A modified HOM scheme employing an extra 50:50 beam splitter and an achromatic waveplate to achieve the phase shift in one of the paths has been described in details. By recording the occurrence of a zero coincidence signal at the output of the setting, the distance difference between two paths can be determined. The performance of the scheme has been compared with respect to those one could achieve via intensity-intensity correlation measurement employing classical coherent pulses. When the delays are stable about the wavelength λ 0 of the mean carrier frequency the bi-photon scheme exhibits a clear advantage compared to the classical setting (in the latter scenario no zero coincidences can be observed). For unstable delays this is no longer true due to the pres- 9. (Color Online) The spatial structure of our QPS scheme for recovering the angular position of a cooperative target A provided by a corner reflector [23] . There are two baselines (R1, R2) and (R3, R4) along the y-axis and x-axis, respectively. S1, S2, −S1, and −S2 are controllable delays. Optical elements are located in box E at the origin of the coordinate axis.
ence of fast oscillations that tends to wash out the zero coincidence signal: however under these conditions the coincidences readout associated with a bi-photon source still exhibit a better visibility with respect to one could get from their classical counterpart in close analogy to what typically observed in the standard HOM setting. We conclude by commenting that, while not explicitly accounted in the present analysis, our setting could be easily adapted to deal with SPDC sources which exhibit correlations in the polarization degree of freedom, see e.g. Ref. [24] and references therein.
Losses in the HOM interferometer
Consider the case where the photons propagating along the path A j of the standard HOM setting of Fig. 1 a) , undergoes to loss and dispersion effects characterized by a frequency dependent complex amplitude probability ξ j (ω), with modulus |ξ j (ω)| spanning from 1 (no loss) to 0 (complete absorption), which in principle may exhibit a non trivial dependence upon the path label j. Under these conditions Eqs. (4) and (7) rewrite aŝ
where the dots refer to the presence of vacuum terms which we do not need to define explicitly as they will not give a net contribution to the intensity-intensity term (3) . Accordingly, when expressing the input state in terms of the output field operators the component where one photon reaches detector D 1 and the other reaches detector D 2 , is still of the form (9) with the bi-photon amplitude Ψ
(τ )
A (ω, ω ) being substituted by the function
] . (A12)
The above replacement has a negative impact on the HOM dip: in particular unless ξ 1 (ω) = ξ 2 (ω) the associated function R BP (τ ) will no longer being able to reach zero for τ = 0. Assume however ξ j (ω) to be sufficiently smooth in the integration domain where Ψ S (ω, ω ) is significantly different from zero, in such a way that we can approximate them as
Under this assumption, Eq. (A12) reduces to
which, even in the presence of strong asymmetries between the two paths (i.e. even when ξ 1 (ω 0 ) = ξ 2 (ω 0 )), leads to a simple rescaling of the associated rate that does not affect neither the existence of the dip at τ = 0, nor its 100% visibility. For instance in the case of the Gaussian bi-photon spectrum (14) we get
which a part from a global multiplication factor, has the same functional dependence upon τ of its lossless counterpart (16) . The situation changes drastically however when injecting into the interferometer the semiclassical state |α (a) . Based on Eq. (A10) in this case we get
which inserted into Eq. (3) and adopting the condition (A13) yields
the second identity being written under the Guassian spectrum assumption that led us to (21) . In the above expressions β is the phase of complex term ξ 1 (ω 0 )ξ 2 (ω 0 ) * which can be used to account for asymmetries in the dispersion experienced by the signals propagating along the paths A 1 and A 2 , while
gauges the relative difference between the corresponding losses. As evident from (A19) having ξ 1 (ω 0 ) = ξ 2 (ω 0 ) compromises both the possibility of having a zero for τ = 0 due to the presence of the phase shift β, and the visibility of the signal by the presence of the factor (1 − η A1A2 ). In particular, while under coarse graining (22) the β dependence is washed away, the visibility reduction remains as evident from the expression
which for η A1A2 = 1 (maximum path asymmetry) exhibits a completely flat, τ -independent, behaviour.
Appendix B: More on the modified HOM configuration
Decomposition of the output state
Similar with the decomposition for |Ψ (c) (τ 1 , τ 2 ) in Eq. (28), |Φ (c) (τ 1 , τ 2 ) is also characterized by two components, i.e.
The role of the achromatic phase shift
In order to understand the role played by the phase shift θ in our construction let us observe that a generic biphoton state propagating along two distinct optical paths (say A 1 and A 2 ) and characterized by annihilation operatorsâ 1 (ω) andâ 2 (ω) respectively, can always be expressed as the sum of four terms belonging to orthogonal classes, i.e. Here, according to the notation introduced in Sec. II B,
describe configurations with one photon in A 1 and one photon in A 2 , with spectral amplitudes Ψ S (ω, ω ) and Ψ A (ω, ω ) that are, respectively, even and odd under exchange of the frequency ω and ω , while
B9) represent, respectively, states where the photons are in coherent ±-superposition of states where they are either both in A 1 or both in A 2 (the associated amplitudes Φ ± (ω, ω ) being always even under exchange of ω and ω ).
Adopting the above decomposition we want now to study how a generic BP state is transformed under the action of the various element that compose our interferometer, i.e. the 50:50 beam-splitters, the delays elements, and the achromatic phase shift: • Beam-splitter mapping:-Suppose that the state (B6) impinges into a 50:50 beam-splitter emerging into the paths B 1 and B 2 characterized by annihilation operatorsb 1 (ω) andb 2 (ω) and connected toâ 1 (ω) andâ 2 (ω) via the mappinĝ
see Fig. 10 . By direct substitution it follows that |Ψ (a) A and |Φ (a) + will produce output configurations that maintain the same structure,
with amplitudes
while |Ψ , |Φ
the associated amplitudes being
respectively.
• Delay elements:-By the same token we notice that when instead the state (B6) passes through a delay inducing the mappinĝ
the components |Ψ (a) S,A gets mixed according to the transformations
with the new amplitudes given by
Analogously the components |Φ (a) ± evolve as in
• Achromatic phase shift mapping:-At variance the delay element analyzed in the previous paragraph, an achromatic phase shifter simply add a phase θ which is independent contribution to each of the frequency mode it acts on [16, 17] . In other words indicating withâ(ω) andb(ω) the corresponding input and output annihilation operators, the transformation we consider here connects them according to the mappinĝ a(ω) = e −iθb (ω) .
Physically it can be realized by exploiting material which have a non-linear dispersion, or by merging slabs of birefringent waveplates. Assuming hence it operates selectively only the path A 2 , when acting on the BP state (B6), it will preserve the structure of the |Ψ 
On the contrary, when operating upon the |Φ (a) ± terms it will induce a non trivial rotation of the form
which in particular for θ = π/2 results in exchanging the spectral functions of |Φ It goes without mentioning that concatenating the above expressions one can easily show that indeed Eq. (8) is the correct BP state emerging from the conventional HOM interferometer when injecting the input state Eq. (5) . Iterating twice the same procedure we can as well describe the evolution under the modified HOM setting. Specifically, let us consider first the case where θ = 0, i.e. when the achromatic shift is not present in the scheme. Starting from the state |Ψ 
having probability amplitudes iΨ S (ω, ω ) sin((ω − ω )τ 1 ) and Ψ S (ω, ω ) cos((ω − ω )τ 1 ) respectively. Thanks to Eq. (B19), just before it reaches the second beam splitter, the delay τ 2 maps |Ψ
(b)
A (τ 1 ) into the superposition
characterized by the amplitudes which now write as iΨ S (ω, ω ) sin((ω − ω )τ 1 ) cos((ω − ω )τ 2 ) and Ψ S (ω, ω ) sin((ω − ω )τ 1 ) sin((ω − ω )τ 2 ); also it sends |Φ
the first having amplitude −iΨ S (ω, ω ) cos((ω − ω )τ 1 ) sin((ω + ω )τ 2 ) and the second having instead Ψ S (ω, ω ) cos((ω − ω )τ 1 ) cos((ω + ω )τ 2 ). Accordingly the state impinging at the input of the second beam splitter writes as the sum of four terms that undergoes the following transformation 
(notice that the above equations coincide with the expression (28) given in the main text for θ = 0). Now for τ 1 = τ 2 = 0 we observe that all the terms nullify but for the last which instead reduces to the same state we had as input of the setup, i.e.
|Ψ
(c)
This will give a non zero contribution to the coincide rate, preventing one to get an absolute minimum at origin of the (τ 1 , τ 2 ) plane. The presence of the achromatic shift is introduced exactly to avoid this unfortunate event. The way it does it is by simply exchanging the role of |Φ 
which shows that, a part from irrelevant multiplicative constants, the spectrum of |Φ 
which gives zero coincidences as anticipated.
Appendix C: Losses for the modified-HOM interferometer
Adopting the same convention of Sec. A 3, in the presence of losses we can rewrite Eqs. (24) and (26) 
